We proved the convergence of a sequence of 2 dimensional comapct KahlerEinstein orbifolds with rational quotient singularities and with some uniform bounds on the volumes and on the Euler characteristics of our orbifods to a Kahler-Einstein 2-dimensional orbifold. Our limit orbifold can have worse singularities than the orbifolds in our sequence. We will also derive some estimates on the norms of the sections of plurianticanonical bundles of our orbifolds in the sequence that we are considering and our limit orbifold.
Introduction
The main goal of this paper is to try to generalize some theorems in [9] that hold for the sequences of smooth Kahler-Einstein complex surfaces to the sequences of 2 dimensional Kahler-Einstein orbifolds.
Definition 1.
A complex orbifold is a complex manifold M of dimension n whose singularities are locally isomorphic to quotient singularities C n /G for finite subgroups G ⊂ GL(n, C). We say that g is a Kahler metric on a complex orbifold M if g is Kahler in the usual sense on the nonsingular part of M and whenever M is locally isomorphc to C n /G, we ca identify g with the quotient of a G -invariant Kahler metric defined near 0 in C n .
Let J n be the collection of all complex surfaces of the form CP 2 #nCP 2 .
The following theorem was proved by Tian in [9] . Moreover, each singular point p i has a neighbourhood which is homeomorphic to a cone on a spherical space form C(S n−1 /Γ). If the metric g ∞ is lifted to B n \0 via Γ, then there is a Γ-equivariant diffeomorphisl φ :
smoothly over 0 to a smooth Einstein metric on B n .
The main purpose of the paper is to prove the following theorem
. Then by taking a subsequence if necessary, we may assume that (M i , g i ) converge to a Kahler-Einstein orbifold (M ∞ , g ∞ ) with a finite set of singular points.
The organization of this paper is as follows. In section 2 we will give some preliminaries and we will prove our main theorem about the convergence of a sequence of Kahler-Einstein 2 dimensional orbifolds. The argument is based on the arguments of Tian in [9] and the arguments of Bando, Kasue and Nakajima in [3] . In section 3
we will give some applications of our main theorem to the convergence of a sequence of global holomorphic sections of plurianticanonical bundles H 0 (M i , K first Chern class and with rational singularities (meaning that for each orbiflod group
We may assume that Ric(g i ) = w gi . 
By Bishop's comparison principle which holds for orbifolds as well, we have:
for some uniform constant C, since we have uniform bounds on the diameters of M i and Vol gi (M i ) by assumption. Furthermore, we have:
Since Ric(g i ) =g i , we have that the RHS of the above inequality tends to the volume of a unit ball when δ tends to infinity, i.e
Now from equations 1, 2 and 3 we get that |γ j i | ≤ C, for some uniform constant C, ∀i, j. Theorem 6. There exists a uniform bound on the number of singularities, i.e. ∃C, s.t.
where E p is the exceptional divisor of the minimal desingularization π :M → M and
C pj , where p is a singularity, and k p is the order of singularity at p. Since p is a rational singularity, C pj are rational curves. From algebraic geometry it follows that we can choose π to be a composition of consequtive blow-ups, such that C 2 pj ≤ −2 ∀p, ∀j and C pj C pk = 1 ∀j = k and better, s.t. no 3 distinct C pj meet. It now follows that the number of pairs C pj , C pk such that C pj C pk = 1 is less or equal than k p − 1 where k p ≤ C and C is taken from theorem 5. Topologically, E p is a connected sum of k = k p copies of CP 1 and therefore χ(E p ) = 2.
From equation 4 we get that:
where C is taken from theorem 5. From equation 5:
≤C is uniformly bounded):
for some uniform constantC.
In the proof we wrote E i instead of E pi , where p i is a singular point ( similarly C ij , k i and N i are related to a point p i ).
The following theorem can be found in [1] .
Theorem 7 (Anderson).
There is a constant C = C(n, c S ) and ǫ 0 = ǫ 0 (n, c S ) such that if B(t) is a geodesic ball of radius t in M and
for a fixed q > n and δ = 1 − n q .
In our case Ric(g i ) = w gi and therefore DRic(g i ) = 0 and
holds in a weak sense for orbifolds (R is a curvature operator). Sobolev's inequality holds for orbifolds as well so the Moser's iteration argument (as in [1] ) gives us that ∃ 
Since there is a uniform bound on the number of singularities, by taking a subsequence of orbifolds, we may assume that each M i has S singular points {p i j } 1≤j≤S . Now following the arguments in [9] for a sequence of smooth surfaces, we can conclude that in the case of a sequence of orbifolds there exists a subsequence
in the sense of a definition 3. Since a distance functions on M i × M i converge to a Lipshitz function ρ ∞ , the same argument as in [9] shows that we can attach finitely many points x ∞1 . . . x ∞N and p ∞1 , . . . , p ∞S to M ∞ such that we get a complete metric space. From [9] we know that x ∞β for 1 ≤ β ≤ N are the orbifold points (we get this points in the limit process as a result of concentrating a curvature of (M i , g i ) at smooth points {x i β} 1≤β≤N ).
To finish the proof of therem 4 we only need to check that {p i∞ } 1≤i≤S are the orbifold points of M ∞ . These points come from singular points p i j of our orbifolds M i . Let p ∞i = p and look at B = B(p, t 0 ), a ball in a complete metric space M ∞ . We want to show that the ball B satisfies the theorem proved in [3] (we will state it below), since then we will be able to conclude that p is an orbifold point. Without loss of generality assume that p is the only singular point of M ∞ . 1.
Then the metric g ∞ extends smoothly to B as an orbifold metric.
Let T be a tensor that measures the deviation of an orbifold (M, g) from being of constant holomorphic sectional curvature with curvature tensor R and a metric tensor g, i.e.
For orbifolds it holdes that:
By our assumptions on a sequence of orbifolds {(M i , g i )} we have that
for some uniform constant C. In particular, it implies that L 2 integral of ||R i || gi ic uniformly bounded from above by a uniform constant.
By Fatou's lemma we now get that B |R| g∞ ≤ C < ∞, i.e. the condition 1 of theorem 8 is satisfied.
Lemma 9. Condition 2 is satisfied for B.
Proof. Let v ∈ C 1 0 (B\{p}) and let supp(v) = K ⊂ B\{p}. By the definition of convergence , there exist diffeomorphisms φ i from the open subsets of M i \{p i } to the open subsets of M \{p} that contain K, such that every diffeomorphism φ i maps some compact subset K i onto K, where K i is contained in B(p i , t 0 ), for some sufficiently large i (because of the uniform convergence of metrics on compact subsets). We have that
* g i converge uniformly and smoothly on K to g ∞ .
Since M i is an orbifold, the Sobolev inequality holds, with a constant that does not depend on i (because of our uniform bounds on the sequence {(M i , g i )} as in theorem 
We can bound F i with some constant C i , and therefore:
Let k tend to ∞. Then we get:
Since suppF i ⊂ K i , after changing the coordiantes, via map φ i we get:
g i converges uniformly on K to g ∞ , so letting i tend to ∞ in the above inequality, keeping in mind that suppv = K, we get that:
Lemma 10. Vol(B(p, t)) ≤ Ct 4 , for all t ≤ t 0 , where C is a constant independent of p and t.
Proof. (B(p i , t), g i ) converge to (B(p, t), g ∞ ) in a complete metric space (M ∞ , g ∞ ). Since the Bishop comparison principle holds for orbifolds as well, we have that for every δ ≤ t:
p i is an orbifold point, with a curvature estimate
where r i (x) = ρ i (x, p i ). Let ∆ * r denote the punctured ball in C 2 with radius r and let g F be a standard euclidean metric.
Claim 11. For any i there exists δ i > 0 and a diffeomorphism f i from ∆ * δi into the universal covering E i of B(p i , δ i ) such that the covering map π i :
Call singular points x ∞β singular points of type I and p ∞i singular points of type II. The total number of singular points in each (M i , g i ) (after taking a subsequence if necessary) is N + S. Denote this number by K.
The proof of the claim 11 is just a modified proof of lemma 3.6 in [9] . For the convenience of a reader we will just give a sketch of a proof here.
Let E κ (r) = {x ∈ M ∞ | ρ ∞κ (x) < r}, where κ is one of the indices β or i (depending on the type of a singularity). Shortly, we will say that 0 ≤ κ ≤ K. ρ ∞κ (x) is a distance from a singular point in consideration to a point x. The same argument as in [9] (lemma 3.4) tells us that there is a constant L indpendent of r such that the number of the connected components in E κ (r) is less than L for any 1 ≤ β ≤ K.
We have that |R(g
. By taking a limit on i and using the definition of convergence we get that the same inequality holds for a limit metric g ∞ .
Fix some orbifold (M i , g i ). Consider one of its singular points p i . We will ignore subscripts for a moment (keepning in mind that we are on some orbifold of our original sequence). We will show that for any ǫ ∈ (0, 1) there is a r ǫ > 0 such that for any r > r ǫ , there is a diffeomorphism φ r from an annulus ∆(
where
is a distance from x to a singular point p in consideration).
We prove it by contradiction. If this is not true, there is a sequence {r(j)} with lim j→∞ r(j) → 0 such that for any r(j) no diffeomorphism with the above property exists. Since p is an orbifold point with a structure group Γ < SU (2), where |Γ| is uniformly bounded for our sequence of orbifolds by theorem 5, by our curvature estimate
Since the estimate 9 is invariant under scaling, by the definition of convergence we immediately get a contradiction.
At the end we just glue all φ r together to obtain the required local diffeomorphism f i in the statement of our claim 11.
For each i choose δ i as in claim 11. We can assume that δ i → 0 as i → ∞ (by decreasing δ i from claim 11 if necessary).By the claim B(p i , δ i ) is covered by a smooth manifold E i , with a covering group Γ i (that is a subset of SU (2), since all our singular points are rational) such that the smooth manifold is diffeomorphic to a ball ∆ δi ∈ C 2 of radius δ i , via diffeomorphism f i , where:
where ǫ i tends to 0 when i → ∞, g F is a standard euclidean metric and π i is just a covering map. Then:
where Γ i is bounded by a constant that does not depend on i by theorem 5.
By estimate 10 we have
where w n is a volume of a unit euclidean ball. Letting δ i → 0 in 7, we get that:
We will get the result by letting k → ∞ and i → ∞ in the inequality above.
Lemma 12. For some small t 0 , B(p, t)\{p} is conneceted for all t ≤ t 0 .
Proof. Assume that there exists a sequence r i → 0 as i → ∞, such that B(p, r i )\{p} is not connected.Balls B(p i , r) converge to a ball B(p, r) in Hausdorff sense. Since the number of the components is uniformly bounded, we may assume without loss of generality that this number is 2.
≤ kr i } with metricg i , standard arguments as in [1] , [3] and [9] will give us that a sequence of pointed orbifolds {B(p i , r),g i , p i )} converge to a complete, non-compact, Ricci-flat, non-flat 2 compex orbifold which is ALE of order 3 with 2 ends. Call itM .
The assumptions on our original sequence of orbifolds give us a non-collapsing condition:
for all i and all x ∈ M i . It is invariant under scaling, so it will hold also on our limit manifoldM . SinceM has 2 ends, it splits off a line and thereforẽ M = N × R k (by a splitting theorem for orbifolds proved by J. Borzellino in [4] ). If N were not a compact orbifold it would contain 2 ends by assumption and therefore we could apply splitting theorem to N again. At the end we get that eitherM = N × R k where N is a compact orbifold and 1 ≤ k ≤ 3 orM is one of the following orbifolds:
, a product of R 3 with a closed ray, or a product of R 3 with a closed interval. In the former case, since N is compact and therefore of a finite volume we get a contradiction with a volume noncollapsing condition forM . In the later caseM would be flat which is not true.
Therefore, B(p, r)\{p} has to be connected for all small r.
Theorem 13. p is an orbifold point of the completion of M ∞ that we will call M ∞ .
Sections of plurianticanonical bundles of orbifolds
In this section we want to generalize some results of [9] about the sections of plurianticanonical bundles of a sequnce of smooth surfaces to the sections of plurianticanonical bundles of a sequence of 2 dimensional orbifolds. We want to show that a sequence of sections of plurianticanonical bundles of our orbifolds converge in the sense that we will define below, to a section of a plurianticanonical bundle of a limit orbifold. We also want to obtain some estimates on the norms of the limits of the sections of the plurianticanonical bundles of a limit orbifold.
Let's start with the following definition:
Let φ i be diffeomorphisms from the definition of convergence ( i.e. for any compact set K ⊂ M ∞ \Sing(M ∞ there are diffeomorphisms φ i from compact subsets
i ) * uniformly converge on K to g ∞ and J ∞ , respectively. We will say that S i converge to S ∞ if for any compact subset K ∈ M ∞ \(Sing(M ∞ ) and φ i as above, the sections φ i * (S i ) converge on K to a section
Let (M i , g i ) be a sequence of two orbifolds as above. Then we have the following lemma:
gi , then we have that:
Omit subscript i in a further discussion. Then:
on M \SingM , where p is an orbifold point of M .
To conlude that Df ∈ L 2 we have to use a fact that f ∈ L q for all q. The proof of this fact can be found in [3] . We can take a cut-off function φ so that 0 ≤ φ ≤ 1, φ = 0 in B(r ′ ) ∪ (M \B(2r)), φ = 1 on B(r)\B(2r ′ ) with |Dφ| ≤ Cr ′−1 for 2r ′ ≤ r. Then since f ∈ L q for any q, after multiplying the inequality 12 by φf and performing a partial integration, we get:
where we have used Cauchy-Schwartz and Holder inequalities with ǫ < 1 and p < n.
We let r ′ → 0 and r → diamM in 13 to get that Df ∈ L 2 .
Assume without a loss of generality that p is the only singular point of M .
Claim 16. ∀η ∈ C 0,1 0 (B(p, r)), where p is a singular point of M , r > 0 arbitrary and B = B(p, r)\{p}:
.
to be the open covering of M and let φ k , ψ k be the partititon of unity subordinated to U k , V k . By using the previous claim and the fact that V k is smooth we have:
Now by Moser's iteration argument and Sobolev lemma we get that:
Similarly like in the case of a sequence of smooth KE surfaces with positive first
Chern class, to finish the proof of lemma 15 one can prove, using the Caushy integral formula that the lth covariant derivatives of Φ i * S i are uniformly bounded on compact Analogously like in [9] for the smooth case, it can be shown that if
Mj ) is bounded above uniformly in j, by taking a subsequence (denote it again by {M j }),
Mi ) ≤ C(m), ∀i , where C(m) is a constant that depends only on m.
Proof. Omit subscript i in the proof of the theorem. Let M be an orbifold with N singular points p 1 , . . . , p N of orders |γ 1 |, . . . , |γ N |, bounded uniformly by C. By the generalized Rieman-Roch formula for an orbifold M , we have that:
where π :M → M is a resolution of singularities. Because of the uniform bounds on c 2 1 (M i ) and c 2 (M i ) of our sequence of orbifolds (M i , g i ) at the beginning, after applying formula 14 to (M i , g i ) we get that:
where C(m) is a constant independent of i.
Since K −m M ≥ 0 by assumption, it follows that h 1 = h 2 = 0 by Bailey's version of Kodaira's vanishing theorems for orbifolds. Now the lemma follows.
We also have the following theorem: Since the above inequality holds for every ǫ > 0, the statement is proved.
